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1. Introduction
Let G be a group and φ an endomorphism of G . Two elements x, y ∈ G are said φ-conjugate if
there exists g ∈ G such that x = g−1 ygφ . It is easily veriﬁed that the φ-conjugation is an equivalence
relation; if g ∈ G , the φ-class of g is denoted by [g]φG = [g]. The set
RG(φ) =R(φ) =
{[x] ∣∣ x ∈ G}
is a partition of G and its cardinality, which we denote by RG(φ) (or by R(φ) only), is called the
Reidemeister number of the endomorphism φ.
The groups with an endomorphism with ﬁnite Reidemeister number have been studied in different
situations (see in particular [1,4,12] and [19]). Recently, in [6], examples of polycyclic non-virtually
nilpotent groups with an automorphism φ of composite order with R(φ) < ∞ have been described.
In this paper we shall only consider automorphisms. Our main results are the following:
Theorem A. Let G be a residually ﬁnite group. If G admits an automorphism φ of prime order p with
RG(φ) < ∞, then G is virtually nilpotent (of class bounded by a function of p).
E-mail address: jabara@unive.it.0021-8693/$ – see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2008.09.001
3672 E. Jabara / Journal of Algebra 320 (2008) 3671–3679From Theorem A, we can easily prove:
Theorem B. Let G be a soluble and ﬁnitely generated group. If G admits an automorphism φ of prime order p
with RG(φ) < ∞, then G is virtually nilpotent (of class bounded by a function of p).
For automorphisms of order which is not necessarily a prime we have
Theorem C. Let G be a linear and ﬁnitely generated group. If G admits an automorphism φ of ﬁnite order with
RG(φ) < ∞ then G is virtually soluble.
Theorems A and B cannot be generalized to the case that |φ| is not a prime number. The examples
in [6] are all for polycyclic groups. In the following, we show some examples of metabelian ﬁnitely
generated (and therefore residually ﬁnite) groups which are not polycyclic and admit an automor-
phism φ of order 4 with R(φ) = 2.
Example 1. Let:
G = 〈x, y, t ∣∣ [x, y] = 1, xt = x2, yt−1 = y2〉
and deﬁne φ by xφ = y, yφ = x−1 and tφ = t−1. It is easily veriﬁed that if N = 〈x, y〉G , we have
that N is an abelian, 2-radicable, aperiodic group. Moreover φ2 induces the inversion on N . Every
element g ∈ G can be uniquely written as g = xi y jtk with i, j ∈ Z[ 12 ] and k ∈ Z. It can be proved that
RG(φ) = {[1], [t]} and that g ∈ [1] if k is even or g ∈ [t] if k is odd. In fact
• if k = 2h is even then g = (t−hxm yn)−1(t−hxm yn)φ with m = −2−1i + 2−(2h+1) j and n =
−2(2h−1)i − 2−1 j;
• if k = 2h + 1 is odd then g = (t−hxm yn)−1t(t−hxm yn)φ with m = −2−1i + 2−(2h+2) j and n =
−22hi − 2−1 j.
Example 2. Let p be an odd prime number and let
N = 〈xi, yi ∣∣ xpi = 1 = ypi , [xi, x j] = [yi, y j] = [xi, y j] = 1, i, j ∈ Z
〉
be an elementary abelian p-group. If 〈t〉 is an inﬁnite cyclic group, we consider the semidirect product
G = N〈t〉 with the action of t over N deﬁned by xti = xi+1 and yti = yi−1. We therefore deﬁne φ ∈
Aut(G) by xφi = yi , yφi = x−1i and tφ = t−1. Every element g ∈ G can be uniquely written as g = νtk
with ν ∈ N and k ∈ Z. As in the previous example, we can prove that RG(φ) = {[1], [t]} and that
g ∈ [1] or g ∈ [t] depending on k being even or odd.
It is interesting to observe that Zappa [20] called uniform an automorphism with Reidemeister
number equal to 1. The aim of Zappa was to extend results about ﬁnite groups with a ﬁxed-point-
free automorphism to the inﬁnite case. In fact if a ﬁnite group G admits an automorphism φ with
CG (φ) = {1} then, since the map G → G g → g−1gφ is injective, it is also surjective and we have
RG(φ) = 1. We also observe that the construction of Examples 1 and 2 depends essentially on the
fact that, in both cases, we have RN (φ) = 1.
2. Preliminary results
We denote by G a group and by φ an automorphism of G . If N is a φ-invariant subgroup of G , we
denote by φ the automorphism induced by φ on N . Moreover if N is normal in G , we denote by φ¯
(or φ) the automorphism induced by φ on G¯ = G/N .
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(a) |CG(φ)| |CG/N (φ¯)| · |CN (φ)|;
(b) RG/N (φ¯) RG(φ);
(c) RN (φ) RG(φ) · |CG/N (φ¯)|.
Proof. (a) It is trivial, while (b) comes from the deﬁnition of R(φ).
To prove (c) we observe that if RG(φ) = {[x1], [x2], . . . , [xr]} then the set
{[xi] ∩ N ∣∣ i = 1,2, . . . , r}
is a partition of N . If x, y are elements of N with [x]φG = [y]φG , there exists g ∈ G with x = g−1 ygφ . In
G¯ = G/N we have g¯−1 g¯φ¯ = 1¯ and g¯ ∈ CG/N (φ¯), therefore every [xi]∩N is a union of at most |CG/N(φ¯)|
elements of RN (φ). This concludes the proof. 
Lemma 2. Let G be a locally ﬁnite group, φ an automorphism of G and N a normal φ-invariant subgroup of G.
If N and CG(φ) are ﬁnite then |CG/N(φ¯)| |CG(φ)|.
Proof. If G is ﬁnite then the claim comes from Theorem 1.6.1 of [11].
Suppose, arguing by contradiction, that there exist x1, x2, . . . , xn ∈ G such that x¯1, x¯2, . . . , x¯n ∈
CG/N (φ¯) and |〈x¯1, x¯2, . . . , x¯n〉| > |CG(φ)|. Since G is locally ﬁnite G0 = 〈N, x1, x2, . . . , xn〉 is a ﬁnite
φ-invariant subgroup of G containing N . In G0 we have |CG0/N (φ¯)| > |CG0 (φ)|: a contradiction. 
Observe that the preceding lemma (and similar results) cannot be extended to non-locally ﬁnite
groups, even if they are abelian, as the following easy examples show.
Example 3. Let G = Qk and put gφ = g−1 for every g ∈ G . Then CG(φ) = {1} and RG(φ) = 1. If we
consider the normal, φ-invariant subgroup N = Zk of G we have:
(a) |CG/N (φ¯)| = 2k and RG/N(φ¯) = 1;
(b) CN (φ) = {1} and RN (φ) = 2k .
In particular the inequality of Lemma 1(c) is actually an equality.
The following diophantine lemma has a long history (see [17]).
Lemma 3. Let a1  a2  · · · an be positive integers such that
n∑
i=1
1
ai
= 1
then an  22
n
.
Using Lemma 3 and the class equation some authors found bounds for the order of a ﬁnite group
G depending only on the number of conjugacy classes of G (see, for example, [13] or Note A of [2]).
With the same methods we can determine a bound of the order of CG(φ) depending only on RG(φ)
when φ is an automorphism of the ﬁnite group G .
Lemma 4. If φ is an automorphism of the ﬁnite group G such that RG(φ) = r then |CG(φ)| 22r .
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Ω × G → Ω, (ω, g) → g−1ωgφ.
Then the set of G-orbits of Ω is RG(φ) = {[ω1], [ω2], . . . , [ωr]} and the orbit [ωi] has cardinality
|G|/|StabG(ωi)|.
Obviously StabG(ωi) = {g ∈ G | g−1ωi gφ = ωi} is a subgroup of G; in particular StabG(1) = {g ∈ G |
g−1gφ = 1} = CG (φ). Recalling that
|G| = |Ω| =
r∑
i=1
|G|
|StabG(ωi)|
and dividing by |G| we get
r∑
i=1
1
|StabG(ωi)| = 1.
Lemma 3 gives the conclusion. 
Deﬁnition. Let G be a group and n ∈ N, n > 1. An automorphism α of G is called n-splitting if for
every g ∈ G we have:
g · gα · · · · · gαn−1 = 1.
Remark 1. If α is an n-splitting automorphism of the group G then αn = 1. Moreover CG(α) has
exponent that divides n.
Proof. In fact for every g ∈ G we have
g · gα · · · · · gαn−1 = 1 = (g · gα · · · · · gαn−1)α
and therefore
g = (gα · · · · · gαn−1)−1 = gαn .
If g ∈ CG(α) then gn = g · gα · · · · · gαn−1 = 1. 
Remark 2. If α is an n-splitting automorphism of the group G then in the semidirect product G〈α〉
we have (gα−1)n = 1 for every g ∈ G .
Proof. In fact
(
gα−1
)n = gα · · · · · gαn−1α−n = 1. 
Remark 3. If α is an n-splitting automorphism of the group G and if N is a normal, α-invariant
subgroup of G then α¯ is an n-splitting automorphism of G¯ = G/N .
The uniform automorphisms of ﬁnite order are closely related to splitting automorphisms.
Remark 4. If α is a uniform automorphism of the group G and αn = 1 then α is an n-splitting
automorphism.
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g · gα · · · · · gαn−1 = (x−1xα) · (x−1xα)α · · · · · (x−1xα)αn−1 = 1
and the conclusion follows. 
We shall use Remarks 1, 2 and 3 without further referring to them.
Lemma 5. Let G be a residually ﬁnite group and φ an automorphism of G of order n. If RG(φ) = r < ∞ then
there exists a φ-invariant subgroup of ﬁnite index in G on which φ is n-splitting.
Proof. For every x ∈ G we put Φ(x) = xxφ . . . xφn−1 .
Let RG(φ) = {[xi] | i ∈ I} and J be the subset of the indices i ∈ I such that Φ(xi) 	= 1. Since G is
residually ﬁnite, there exist normal φ-invariant subgroups N j of ﬁnite index in G such that Φ(x j) /∈ N j
if j ∈ J . Let N =⋂ j∈ J N j . If g is an element of N then there exists an index k ∈ I and an element
y ∈ G such that g = y−1xk yφ and therefore
N 
 ggφ . . . gφn−1 = y−1xk yφ
(
y−1xk yφ
)φ
. . .
(
y−1xk yφ
)φn−1 = y−1Φ(xk)y.
If Φ(xk) 	= 1 then Φ(xk) /∈ N , therefore Φ(xk) = 1 and then ggφ . . . gφn−1 = 1 for every g ∈ N . 
Lemma 6. Let p be a prime number and φ an automorphism of order p of a nilpotent p-group A of ﬁnite
exponent. If C A(φ) is ﬁnite then also A is ﬁnite.
Proof. Let c be the class and pe the exponent of A. If |CA(φ)| = pn we prove, by induction on c, that
A is ﬁnite and that its order is less or equal to ppnce .
If c = 1, Corollary 1.7.4 of [11] gives the conclusion.
If c > 1 then Z(A) is abelian and we have |Z(A)| ppne . If A¯ = A/Z(A), by Lemma 2 (and the fact
that G is locally ﬁnite: see 5.4.11 of [16]) we have |C A¯(φ¯)| |CA(φ)| = pn and by inductive hypothesis
| A¯| ppn(c−1)e . But then
|A| = | A¯| · ∣∣Z(A)∣∣ ppn(c−1)e · ppne = ppnce
and this concludes the proof. 
Remark 5. A group with a 2-splitting automorphism is abelian.
Proof. If α is a 2-splitting automorphism of the group G we have ggα = 1 for every g ∈ G and
therefore α induces the inversion on G . 
In general it is not possible to bound the class of a nilpotent group with a splitting automor-
phism of order a prime p (for example the identity is a p-splitting automorphism for every group of
exponent p). However we have the following
Lemma 7. Let G be a soluble group with derived length d and let φ be a p-splitting automorphism of G with p
odd prime number. Then G is nilpotent and its class is less or equal to (p−1)
d−1
p−2 .
Proof. It is a particular case of Corollary 6.4.2 of [11]. 
Lemma 8. Let G be a ﬁnite or nilpotent group with a ﬁxed point free automorphism φ of order a prime p. Then
G is nilpotent and its class is less than or equal to a function k(p) depending only on p.
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the nilpotent groups comes for an analogous result for Lie algebras (Corollaries 4.3.8 and 4.3.9 of [11])
and from a result of Higman (Theorem 5.1.1 of [11]). 
The function k(p) in Lemma 8 is the so-called Higman function, k(2) = 1 and, if p is an odd prime
number,
k(p) (p − 1)
2p−1−1 − 1
p − 2
(see 4.3.8 of [11]).
3. Proof of theorems
To prove Theorem A, we recall that thanks to the results of Hartley [7], Hartley and Meixner [8],
Fong ([5], using the classiﬁcation of ﬁnite simple groups) and Khukhro ([10], see also Theorem 5.3.1
of [11]) it has been possible to prove the following (see Corollary 5.4.1 of [11]):
() Let G be a locally ﬁnite group, α an automorphism of G prime order p. If |CG(α)| = s, then there
exists a function f depending only on p and s and a function κ depending only on p such that
G has a normal, α-invariant nilpotent subgroup H of class at most κ(p) and |G : H| f (p, s).
We can now restate Theorem A.
Theorem A′. Let G be a residually ﬁnite group. If G admits an automorphism φ of order a prime p with
RG(φ) = r < ∞, then G has a normal and φ-invariant subgroup of ﬁnite index that is nilpotent of class at
most k(p).
Proof. Let f and κ be as in () and k be the Higman function. Put t = 22r (see Lemma 4), f = f (p, t),
κ = κ(p) and k = k(p). We divide the proof in six steps.
(1) We can suppose that the automorphism φ is p-splitting on G .
By Lemma 5, G has a φ-invariant subgroup of ﬁnite index on which φ is p-splitting. We can
substitute such a subgroup to G .
(2) We can suppose that CG(φ) = {1}.
Let x1, x2, . . . , xs ∈ CG(φ) \ {1}; then there exists a normal, φ-invariant subgroup G0 of ﬁnite index
in G such that x1, x2, . . . , xs /∈ G0 and xix−1j /∈ G0 for all i 	= j. Obviously x¯1, x¯2, . . . , x¯s ∈ CG/G0 (φ¯) and
therefore, by Lemma 4, s  t = 22r . But then CG (φ) is a ﬁnite subgroup and, since G is residually
ﬁnite, we can construct a normal, φ-invariant subgroup G1 of ﬁnite index in G with CG(φ)∩G1 = {1}.
Again we can consider G1 instead of G .
(3) G contains a normal, φ-invariant subgroup H of nilpotency class at most κ such that G/H is
locally ﬁnite and of exponent at most f .
Since G is residually ﬁnite, it is possible to build a family {Nλ}λ∈Λ of normal, φ-invariant subgroups
of ﬁnite index of G such that:
⋂
Nλ = {1}.λ∈Λ
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conclude that every G¯λ contains a normal and φ-invariant subgroup H¯λ , which is nilpotent of class
at most κ and such that G¯λ/H¯λ has order at most f .
Let Hλ be the preimage of H¯λ in G and put
H =
⋂
λ∈Λ
Hλ.
Since any Hλ is a normal, φ-invariant subgroup of G , then also H is; the exponent of G¯ = G/H is
at most f , since any G/Hλ has order at most f . Moreover G¯ is residually ﬁnite, since {NλH/H}λ∈Λ is
a family of subgroups of ﬁnite index with trivial intersection. We can conclude that G/H is a locally
ﬁnite group by the positive solution of the restricted Burnside problem (Zelmanov, [21] and [22]).
The subgroup H is nilpotent and his nilpotency class is less or equal to κ . Otherwise, on the
contrary, there exist h1,h2, . . . ,hκ+1 ∈ H such that [h1,h2, . . . ,hκ+1] = h 	= 1. Then there exists λˆ ∈ Λ
such that h /∈ N
λˆ
and in HN
λˆ
/N
λˆ
 H¯
λˆ
we have [h¯1, h¯2, . . . , h¯κ+1] = h¯ 	= 1¯. But H¯ λˆ is nilpotent of class
at most κ ; this contradiction proves the claim.
(4) There exists a φ-invariant subgroup T of ﬁnite index in G , with H  T such that T /H is a locally
ﬁnite nilpotent group of class at most k.
By the preceding point G¯ = G/H is a locally ﬁnite group with an automorphism φ with |CG¯(φ)| t .
By () there exists in G¯ a nilpotent and φ-invariant subgroup G¯0 such that |G¯ : G¯0| f . If P¯0 is the
(unique and hence φ-invariant) Sylow p-subgroup of G¯0 then, by Lemma 6, P¯0 is ﬁnite. It follows
that there exists in G¯0 (and therefore in G¯) a φ-invariant subgroup T¯ of ﬁnite index that does not
contain elements of order p.
Let T be the preimage of T¯ in G . The group T /H is nilpotent by construction and CT /H (φ) = {1}
(since φ is a p-splitting automorphism and T /H does not contain elements of order p). Then by
Lemma 8, the nilpotency class of T /H is less or equal to k.
(5) The subgroup T is nilpotent.
In fact T /H is nilpotent of class at most k and H is nilpotent of class at most κ , therefore T is
soluble and its derived length d is less or equal to log2(k) + log2(κ) + 2. By (1) φ is a p-splitting
automorphism of T ; Lemma 7 (or Remark 5, if p = 2) gives the conclusion.
(6) The nilpotency class of T is less or equal to k.
By (2) we have CT (φ) = {1} and by (5) T is nilpotent. Apply Lemma 8 to get the conclusion.
This concludes the proof of Theorem A′ . 
Remark 6. An easier proof of Theorem A can be produced under the assumption that the group G
is ﬁnitely generated. In fact in an n-generated group the intersection of all the subgroups of index
less than or equal to a given f , has ﬁnite index (bounded by a function depending only on f and n).
Therefore in this case the proof of Theorem A concludes at the beginning of point (3). 
A proof of Theorem B comes easily from Theorem A.
Proof of the Theorem B. Let G be a ﬁnitely generated, soluble group of derived length d and let φ
be an automorphism of prime order p of G with R(φ) < ∞. We prove, by induction on d, that G is
virtually nilpotent of class bounded by k(p).
If d = 1 then G is abelian and the claim is obviously veriﬁed.
If d > 1 let N = G(d−1) 	= {1}; then N is an abelian group and G/N is a ﬁnitely generated soluble
group with derived length d − 1 such that RG/N(φ¯) < ∞. By inductive hypothesis we have that G/N
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conclusion comes from Theorem A′ . 
If Γ is a group and n ∈ N is a natural number, with
Γ {n} = {gn ∣∣ g ∈ Γ }
we denote the set of the n-powers of the elements of Γ . A subset Δ of a group Γ is said of ﬁnite
index in Γ if there exist elements γ1, γ2, . . . , γs ∈ Γ such that:
Γ =
s⋃
i=1
γiΔ.
A deep theorem of Hrushovski, Kropholler, Lubotzky and Shalev [9] says that if Γ is a linear,
ﬁnitely generated group and if the set Γ {n} of the n-powers has, for some n  2, ﬁnite index in Γ ,
then the group Γ is virtually soluble. This allows us to prove Theorem C.
Proof of the Theorem C. Let G be a linear and ﬁnitely generated group and φ ∈ Aut(G) with R(φ) <
∞ and φm = 1. Since any linear and ﬁnitely generated group is residually ﬁnite (see [18, 4.2]), by
Lemma 5 there exists a normal φ-invariant subgroup H of ﬁnite index in G such that φ induces on
H an m-splitting automorphism. Observe that the group G〈φ〉 is an extension of a linear group by a
ﬁnite group and it is therefore linear. If we consider the set:
Hφ−1 = {hφ−1 ∣∣ h ∈ H},
Remark 2 gives that for every hφ−1 ∈ Hφ−1 we have (hφ−1)m = 1 and therefore (hφ−1)m+1 = hφ−1.
Then the subset (Hφ−1){m+1} = Hφ−1 has ﬁnite index in G〈φ〉 and therefore, (G〈φ〉){m+1} has ﬁnite
index in G〈φ〉. Theorem B of [9] gives the conclusion. 
4. Other examples, with an application
Example 4. Let p be a suﬃciently large prime and let G be an inﬁnite group such that every proper
subgroup of G has order p and any two subgroups of the same order are conjugate (see [14] and [15]).
Let x ∈ G and let φ be the inner automorphism of G induced by x; then φ is a p-splitting automor-
phism and
(a) if x = 1 then RG(φ) = p and CG(φ) = G;
(b) if x 	= 1 then RG(φ) = p and CG(φ) = 〈x〉 has order p.
We remark that G is a group of exponential growth without free subsemigroups of rank 2.
In [3] the following example (4.4, p. 3254) is described.
Example 5. Let G = 〈a,b, c,d | [a,b][c,d] = 1〉 be the fundamental group of the orientable manifold of
genus 2 (the double torus) T T . If n ∈ N with n 2 let
φ : a → c−n+1d−1, b → dcn, c → a, d → b.
In [3] it is proved that R(φ) = 1 or 2 and that if n = 2 then R(φ) = 2. If then n = 3, using the
software MAGMA, it can be veriﬁed that in G there is no word w of length less than 8 such that
w−1wφ = [a,b]. These facts have induced the authors of [3] to conjecture that R(φ) = 2. Our (ele-
mentary) results allow us to answer aﬃrmatively to this conjecture.
E. Jabara / Journal of Algebra 320 (2008) 3671–3679 3679Proof. Let L = 〈[G,G,G], [a, c], [a,d], [b, c], [b,d]〉, it is easy to check that L is a φ-invariant normal
subgroup of G . Consider G¯ = G/L; then the derived subgroup [G¯, G¯] of G¯ is cyclic and [G¯, G¯] =
〈[a¯, b¯]〉 = 〈[c¯, d¯]〉.
We have:
[c¯, d¯]φ¯ = [a¯, b¯] = [c¯, d¯]−1,
then φ¯ induces the inversion on the inﬁnite cyclic group [G¯, G¯] and it must be R[G¯,G¯](φ¯) = 2. In
G˜ = G/[G,G] = 〈a〉 × 〈b〉 × 〈c〉 × 〈d〉 (if x ∈ G we write x instead of x˜ for the image of x in G˜) the
automorphism φ2 induces a ﬁxed point free automorphism:
φ˜2 : a → a−n+1b−1, b → anb, c → c−n+1d−1, d → cnd.
In particular CG˜(φ˜) = {1} and therefore there exists no element w¯ ∈ G¯ such that w¯−1 w¯ φ¯ = [a¯, b¯] (see
also the proof of Lemma 1(c)). We conclude that RG(φ) = 2. 
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